NORTH SYDNEY BOYS
HIGH SCHOOL

2013 YEAR 12 ASSESSMENT TASK 1

Mathematics Extension 1

General Instructions

e Working time - 60 minutes

¢ Reading time - 5 minutes Class Teacher: Please colour
e Answer all questions on the lined O MrBerry
paper in the booklet provided. O Mr Fletcher
e Write using blue or black pen. O MrLam
e Board approved calculators may O Mr Lin
be used. O Mr Lucas
¢ All necessary working should be O Ms Ziaziaris

shown in every question.

e Each new question is to be started
on a new page with the exception
of the multiple choice which can
be answered on the same page.

e Attempt all questions.
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ANSWER ALL QUESTIONS IN THE ANSWER BOOKLET PROVIDED

QUESTION 1

A parabola has equation (X +3)° = 16y

The coordinates of the focus will be

A.(3,4) C.(3,4)
B. ('3, '4) D. (3, _4)
QUESTION 2

Find the general solution of 2C0SX = \/§
T

T
Tn+x—

B. 6

C. 27n +%

V4
n+—
6

QUESTION 3

How many points of intersection does the line ¥y = mx — 2m? have with the parabola X2 = 8y.

A. Unable to distinguish B.0O

C.1 D.2

exam continues overledf......................
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QUESTION 4

ABCD is a square inscribed in a circle. P is a point on the minor arc AB. Find the size of

ZAPB.
D
A B
D C
A.90 B. 135 C.45 D. 120

exam continues overledf......................



QUESTION 5

(a) Find the Cartesian equation of the curve whose parametric equations are

X=2c0s60
y:\/§sin0

(b) P(2ap,ap?) and Q(2aq,aq’) are two points on the parabola x* = 4ay .
The tangents at P and Q meet atT.

(i) Derive the equation of the tangent at P.

(ii) Show that the coordinates of T are [a( p+q), apq] :

(iii) If T lies on the line y =—2a find a relationship between pand (.

A
Q
\ 4
x

exam continues overledf......................



QUESTION 6

sin 3x
(a) (i) Provethat ——— =tan2x+tanx
COS 2X COS X

(ii) Hence, solve tan2x+tanXx=0for 0< x <27

2 . 1
(b) Given that tana=—§ and Slnﬁ:Zand%<a<ﬁ<7z.

Find the exact value for

(i) sin 2«
(ii) cos(f-a)

(c) Thelines Y=mX and Y =2MX, where m >0 are inclined to each other at

1
an angle @ such that tand = 5 Find the possible values of m.

QUESTION 7

ACis a tangent to circle ABD and BD is a tangent to circle ABC. AB is a common
chord, meeting the tangents at A and B.

(i) Copy or trace diagram into your booklet

(ii) Prove AD Il CB

exam continues overledf......................



Question 8

Two circles with equal radii and centres A and C touch externally at E as shown in the diagram.
The lines BC and DC are tangents from C to the circle with centre A.

(i) Copy or trace the diagram into your booklet.

(ii) Explain why ABCD is a cyclic quadrilateral.

(iii) Show that E is the centre of the circle that passes through A, B, C and D.
(iv) Show that /BCA = Z/DCA=30".

(v) Deduce that ABCD is equilateral.

N N NN

exam continues overledf.......................



QUESTION 9

(a) Consider the quadratic function x? — (k + 2) X+ 4 =0. For what values of K is

the quadratic function positive definite.

(b) The quadratic equation ax’ +bX+C =0 has roots X =tana and X=tan 3.

(i) Show that tan (a +,b’) :L
c—a
2
(i) Show that tan® (a - f) =2 23
(a+c)

Question 10

The straight line Y = MX+b meets the parabola x* = 4ay at the points
P(2ap,ap?) and Q(2aq,aq®).
(a) Derive the equation of the chord PQ and hence or otherwise,

b
show that pg=——.
a

(b) Prove that p°+0° =4m?’ +%b

(c) Given that the equation of the normal to the parabola at P is
X+ py= ap3 +2ap, and that, N, the point of intersection of the
normals at P and Q has the coordinates [ —apq(p+q),a(2+ P’ + pq+q?) |

express these coordinates in the terms of a, m and b.

(d) Suppose that the chord PQ is free to move while maintaining a fixed gradient.
Find the locus of N, and show that it is a normal to the parabola.

END OF EXAMINATION
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2013 MATHEMATICS (EXTENSION 1) HSC COURSE ASSESSMENT Task 1 SOLUTIONS 1

Suggested Solutions

Section 1

(Lin)

1. (B) 2. (A) 3. (C) 4. (B)

Section II

Question 5  (Berry)

(a) (2 marks)
x = 2cos6
y = +/3siné
Make cos f and sin 6 the subject,

%:cosﬂ
% =sinf

Squaring both equations and adding,

x\2 Y 2_ 2 )
<§> +(ﬁ> = cos“ 0 + sin“ 0

2 2
z Y
T4 Zd
4 + 3
(b) i. (2 marks)
22 = day
L 5
Yy= @x
dy 2 1
—=—x= —z
dr  4a 2a° |, o4
_ 2ap
2 - P

.. gradient of tangent at P(2ap, ap?)
is p. Using point-gradient formula,

y—ap® _
T — 2ap
2 _ 2
y— ap” = px — 2ap
+ap2 +ap2
y = pr —ap’

ii. (3 marks) Similarly, equation of
tangent at @ is y = qr — ag®. Point
of intersection:

{y:pw—ap2
y = qz — ag?
px — ap® = qz — aq’
px — qz = ap® — aq’
z(p—q)=alp—q)(p+q)
r=a(p+q)

Finding y coordinate,

y = p(a)(p+q) — ap®
= ap® + apq — ap”® = apg
=T (alp +q), apq)

iii. (1 mark)
As T lies on y = —2a,

apq = —2a
C.pg = —2
Question 6  (Lam)
i. (2 marks)
sin 3z sin(2z + z)

CoS 21 COS & CoS 2 COS &

sin 2z cos x + cos 2x sin x

COS 21 COS &

sin 2zcosT cos2Tsinx

=tan 2z 4+ tanx
ii. (2 marks)

sin 3x
tan2x +tanr = —— =0
COS 2z cos &
sosin3z =0 (0 <3z <6m)
3x =0, m, 27, 3w, 4w, bm, 67
T 2’ 47 b

1o o 2 T ,271'
33 3 3

=0

o 2 L 1 . -
tana = —3, sinf8 = 7 implies second

3
quadrant:
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2 2013 MATHEMATICS (EXTENSION 1) HSC COURSE ASSESSMENT Task 1 SOLUTIONS

Yy Case 1:
A\ 9 | m _1
) 1+2m? 3
2 « 3m =1+ 2m?
¥\ T 2m?2 —3m+1=0
-3 |0 @m —1)(m—1) =0
1
Yy o m = 571
p g
4 Case 2:
1 .
D\,
e— — 15 — O _m 1
14+2m? 3
i. (2 marks) —3m =1+ 2m?
2m* +3m+1=0
sin 2a = 2 sin a cos « 2m+1)(m+1)=0
2 3 1
=2x x | — m=-g, -1
V13 V13
:—B Asm >0, m =1 or1 only.
13 2
ii. (3 marks) Question 7 (Lin) (3 marks)

cos(f — «)

= cos Bcos a + sin Bsin
()5
() (%)

_ 3V15 42
413
(¢) (3 marks)
o Let Z/CAB=2x. Then ZADB ==
y=mz (£ in the alternate segment)
y= 2m951 e Let ZABD =y. Then ZACB =y
tanf = g (£ in the alternate segment)

e In AABC

The angle between two lines:
LABC =180° — (z +y)

tand — mi— mo :‘Qm—m (£ sum of A)
1+ mimg 14 2m? e Similarly in AABD,
_ m _ 1
=1 T52m2| =3 /BAD = 180° — (2 +y)

LAST UPDATED DECEMBER 7, 2012 NORTH SYDNEY BOYS’ HIGH SCHOOL



2013 MATHEMATICS (EXTENSION

1) HSC COURSE ASSESSMENT Task 1 SOLUTIONS 3

e - AD| BC:
/BAD = /ABC = 180° — (z + y)

and /ZBAD and ZABC are alternate
angles.

Question 9

Question 8  (Fletcher)

a) (2 marks

(a) ( ) (a)
A F

e /ADC = 90° (radius is L to tangent
at point of contact)

e Similarly, ZADC = 90°.

e Hence ADCB is a cyclic quadrilateral,
as ZABC 4+ ZADC = 180° — one pair
of opposite Z supplementary.

(2 marks)
e AFE = CFE (given, as both circle have

(b)

same radii). b)

e As ZABC = LADC = 90°, then AC
must be the diameter
(£ in a semicircle)

(c¢) (2 marks)

o Let AD =x. Then AC = 2zx.
e In ADCA,sin/DCA=%£ =1
5. 4LDCA = 30°. Similarly for ZBCA.

(d) (2 marks)

In ACBF and ACDF,

FC (common)

/BCF = ZDCF = 30° (previously
proven)
e DC = BC (tangents drawn from

external point are equal)

. ACBF = ACDF (SAS).

Hence Z/CBD = ZC DB, and

2/CBD + 60° = 180°
2/CBD = 120°
.. ZCBD =60°=ZCDB

Hence ACBD is equilateral.

(Lucas)

(2 marks) a > 0, A < 0 for positive
definite.

(k+2)% —4(1)(4) <0
(k4+2)? 16 <0
(k+2—4)(k+2+4)<0
(k—2)(k+6) <0

<k <2

i. (2 marks) Let ax?® +br + ¢ = 0 have
roots £1 = tan« and xo = tan

tan o + tan 3

1 —tanatan g
r1 + X2
1 — T1X2

tan (a + ) =

Sum of roots:
T+ T2 = ——
a

Product of roots:

NORTH SYDNEY BOYS’ HIGH SCHOOL
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2013 MATHEMATICS (EXTENSION 1) HSC COURSE ASSESSMENT Task 1 SOLUTIONS

ii. (3 marks) (b) (2 marks)
Previously, the y intercepts were equated.

Equate gradients:

tan® (a — f3)

([ tana —tanf3 2

~ \1l+tanatan

B tan? a — 2tan actan § + tan? j3

1+ 2tanatan B + tan? atan? 8
1‘12 + 1‘22 — 22129

14+ 2x1x9 + (x1x2)2

(1 + IE2)2 — 2x1T9 — 22122
B 1+ 2z129 + (CleEQ)z
(i F x2)2 —4z179
14+ 2x1x9 + (x1x2)2

(_9)2_£
:MX
2c c?
1+;+a—2
B b2 — dac
a2+ 2ac+ 2
b% — dac

(a+c)?

23,

Question 10 (Ziaziaris)

(a) (2 marks) Equation of chord PQ:

y—ap® _ ap’ —ag’
T —2ap  2ap — 2aq

y—ap® _ dp—gp+q)

r—2ap  lp—7J (d)
y—ap2zp+qx—2ap><p;q
2_DPtg 2
y—ap” = T —ap” —apq
_b+tg
y= T —apq

2

As the straight line y = ma + b is also the
chord PQ), equate y intercepts:

c.—apg=>b

b
L pg=—— 10.1
Cpg= - (10.1)

P+q

2
2m=p+q
PP+ =(p+9)° —2pg

w2

(10.2)

2
= 4m? + —b
a
2b
PP g =4Am? 4 — (10.3)
(2 marks)
= —apq(p + q) (1)
y=a2+p*+pe+q*) (2)

(1): substitute from (10.2) and (10.3)

T =—a (—9> X 2m = 2bm
a
(2): substitute from (10.1) and (10.3)

2b b
y:a<2+4m2+z+——>

a
b
:a(2+4m2+a>

=2a+4dam® +0b
N (2bm, 4am?® + 2a + b)

(2 marks) — m fixed (constant).
3)
(4)

Change subject of (3) to b: b = 5,
substitute to (4):

x = 2bm
y = 4am? +2a +b

and

y = dam’ + 2 + S—2my = Sam” + dam +
z+ (=2m)y = —8am® — 4am
z+ (=2m)y = a(—2m)3 + 2a(—2m)
Which resembles the form
x+py = ap® + 2ap

Hence the locus is a normal to the parabola
where p = —2m.
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